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Mixed dimensional infinite soliton trains for nonlinear 

Schrodinger equations 
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Abstract 

In this note we construct mixed dimensional infinite soliton trains, which are solutions 
of nonlinear Schrodinger equations whose asymptotic profiles at time infinity consist of 
infinitely many solitons of multiple dimensions. For example infinite line-point soliton 
trains in 2D space, and infinite plane-line-point soliton trains in 3D space. This note extends 
the works of Le Coz, Li and Tsai [5, 6], where single dimensional trains are considered. In 
our approach, spatial bounds for lower dimensional trains play an essential role. 
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1 Introduction 

In this paper, we eonsider the nonlinear Sehrodinger equation 

-h Am- h/( m) = 0, (1.1) 

where u = u{t,x) is a eomplex-valued funetion on M x d > 1, and / : C —?• C is the 
nonlinearity. Our goal is to eonstruet mixed dimensional infinite soliton trains (mixed trains), 
whieh are solutions of (1.1) whose asymptotie profiles at time infinity eonsist of infinitely many 
solitons of multiple dimensions. 

The nonlinear Sehrodinger equation (1.1) appears in various physieal eontexts, for example 
in nonlinear opties or in the modelling of Bose-Einstein eondensates. Mathematieally speaking, 
it is one of the model nonlinear dispersive PDE, along with the Korteweg-De Vries equation and 
the nonlinear wave equation. Its loeal Cauehy theory in the energy spaee if^(R‘^) is well under¬ 
stood (see e.g. [1] and the referenees eited therein). Its long time dynamies has two eompeting 
effeets: Eirst of all, if the nonlinearity is not too strong, the linear part of the equation ean domi¬ 
nate and solutions may behave as if they were solutions to the free linear Sehrodinger equation. 
This is the scattering effect. On the other hand, in some eases the nonlinear term dominates 
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and the solution tends to concentrate, with possible blow-up in finite time. This is \hQ focusing 
effect. At the equilibrium between these two effects, one may encounter many different types 
of structures that neither scatter nor focus. The most common of these non-scattering global 
structures are the solitons, but there exist also dark solitons, kinks, etc. A generic conjecture 
for nonlinear dispersive PDE is the Soliton Resolution Conjecture. Roughly speaking, it says 
that, as can be observed in physical settings, any global solution will eventually decompose at 
large time into a scattering part and well separated non-scattering structures, usually a sum of 
solitons. Apart from integrable cases (see e.g. [13]), such conjecture is usually out of reach. 
Intermediate steps toward this conjecture are existence and stability results of configurations 
with well separated non-scattering structure, like multi-solitons, multi-kinks, infinite soliton 
and kink-soliton trains, etc. See [7] for a survey on these subjects. In what follows we describe 
results most relevant to us. 

Multi-solitons are solutions of (1.1) with the asymptotic profile 

N 

T{t,x) = '^Rj{t,x) (1.2) 

as f —)■ cxo, where N > 2 and each Rj is a soliton to be specified in (1.5). The first result 
of existence of multi-solitons was obtained in Zakharov and Shabat [13] in the case of the 1- 
d focusing cubic (i.e. d = 1, f{z) = \z\‘^z) nonlinear Schrodinger equation via the inverse 
scattering method. Indeed, in this particular case the equation is completely integrable and one 
can obtain multi-solitons in a rather explicit manner. Kamvissis [4] showed that it is possible 
to push the inverse scattering analysis forward and obtain the existence of an infinite soliton 
train, i.e. a solution u of (1.1) defined as in (1.2) but with N = -|-oo. In fact, it is shown that, 
under some technical hypotheses, any solution to (1.1) with initial data in the Schwartz class 
will eventually decompose at large time as an infinite soliton train and a “background radiation 
component”. There are also results for multi-dark solitons for the companion integrable Gross- 
Pitaevskii case, i.e. <7=1 and f{z) = (1 — but no known results for infinite trains. 

In a non-integrable setting, the first existence result of multi-solitons was obtained by Merle 
in [10] as a by-product of the proof of existence of multiple blow-up points solutions for L^- 
critical (1.1), i.e. f{z) = Izf^'^z. The techniques initiated in [10] were then developed in 
[2, 3, 8, 9] for other nonlinearities. The idea, so called the energy method, is to choose an 
increasing sequence of time (f„) with —)■ -|-oo and consider the solutions (m„) to (1.1) which 
solve the equation backward in time with final data Un{tn) = T{tn). The sequence (un) is an 
approximate sequence for a multi-soliton. To show its convergence, two arguments are at play. 
First, one shows that there exists a time R independent of n such that satisfies on [fg, the 
uniform estimates 

||(w„-T)(^)||^,l<e-^^^-^ 

Second, we have compactness of the sequence of initial data Unito), i.e. there exists Uq so that 
Unilo) —^ Uq in for all 0 < s < 1. See also [11, 12, 9] for stability results under restrictive 
hypotheses. 

The energy method is very flexible and can be adapted to other situations. However, its 
implementation is far from being trivial when the number of solitons is infinite or when one 
soliton is replaced by a kink. In Le Coz, Li and Tsai [5, 6], an approach based on fixed point 
argument has been used to construct such structures. In this approach, the large relative speed 
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has been used to get smallness of the Duhamel term due to short interaction time. It is however 
delicate when the gradient of the error term is also measured. We will explain this approach in 
more details below, as we will use it to construct mixed dimensional infinite soliton trains. 

We now make two assumptions on the nonlinearity /, which will be assumed throughout 
the paper. 

Assumption (F). f{z) = g{\z\‘^)z, where g G C([0, oo), M) nC'^((0, cxd), M) ^((0) = 0, 

and 

|sc/'(s)| + |sV(s)| < ^ 0 ( 5 “'/^ + (s > 0) (1.3) 

for some Cq > 0 , and some ai, a 2 satisfying 


0 < Oi ^ OI2 ^ (Tinax 


CX3 ifd =1,2 

^ ifd >3. 


If a nontrivial cp G M) (bound state) and an a; > 0 (frequency) satisfy 


- A(p + uip = f{ip), 

then for any n G (velocity), G 'Mf (initial position), and 7 G M (phase). 




X — X 


vf) 


(1.4) 


(1.5) 


is a solution of (1.1), called soliton in this paper, in its broader meaning of solitary wave. The 
existence of solitons is a property of the nonlinearity /. To construct infinite soliton trains, we 
assume that there is a one parameter family of arbitrarily “small” solitons: 

Assumption (T)^. For given dimension d, there are cc* > 0, 0 < a < 1, and D > 0 (each 
depends only on d,f) such that for 0 < a; < cc*, there exist nontrivial solutions p = ^ 

M) of (1.4) satisfying 

\p{x)\+u-^Vip{x)\<Du^e-°^'^^^^\ VxgM'^. (1.6) 


Assumption (T)^ is true for a large set of nonlinearities. A typical example is 

g{s) = 


(1.7) 


where c G M, and 0 < ai < 02 < ctmax; see [ 6 , Proposition 2.1] for more general nonlinearities. 
We shall however take it as an assumption. 

In the following we discuss our problem and approach in more details. 


1.1 General idea 

Suppose {Wj{t, x)} is a (finite or infinite) collection of solutions of (1.1). Intuitively, if these 
solutions are sufficiently separated from each other, then the nonlinear effects of their interac¬ 
tions should be negligible, and Wj should be close to a solution. We are interested in the 
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possibility that is a solution for some error i] = r]{t, x) tending to zero as t — )■ cxd. 

The equation of rj is henee 

f iS,r, + A), + /(E, Wi + ),) - Ej /(W'j) = 0 
\ = 0 (formally). 

By Duhamel’s prineiple, it suffiees to solve the fixed point problem 

/ CXD 

+H{T)]dT, ( 1 . 8 ) 

where 


G = /(Ei»'r+>))-/(E,»y. 

H = /(Ej w,) - E, m-)). 

For a specific profile Wj in our construction, we will try to prove that $ is a contraction 
mapping on a closed ball of some Banach space (see (1.9) and (1.10) below for examples), 
with the needed inequalities derived from the standard dispersive estimates and the Strichartz 
estimates. In doing so, the above decomposition of the source term into G and H will be 
convenient. Apparently, the control of G will come from our assumed control on rj. On the 
other hand, the control of H is much more elaborate. It will rely on our assumption that different 
W/s are sufficiently separated from each other. See the next section. 

1.2 Infinite soliton trains 

By an infinite soliton train we mean a solution of (1.1) whose asymptotic profile is of the form 
T = where Rj = are solitons as given by (1.5). We remark 

that the term “train” is only used in a suggestive sense. It well describes the one dimensional 
situation where all solitons travel in the same direction. In higher dimensions, the traveling 
directions of the constituting solitons can be rather arbitrary. 

Consider {Wj} in (1.8) to be such with x^ = 0 for all j (see Remark 1.1 below). 

To give an idea of the kind of things to be proved, we cite two results (rephrased). 

• [ 6 , Theorem 1.2] For A > 0, let X = Xx be the Banach space of all t] : [0, oo) x —)■ C 
satisfying 

\\ri\\x ■■= supe^*(||r 7 (f)|| 2+^2 + \\r]\\s(t)) < oo. (1.9) 

t>o 

Suppose 2 ^^ < cxi. Then, for A large enough and under suitable conditions of {uj} and 
{vj}, <I) is a contraction mapping on the closed unit ball of Xx- 

• [ 6 , Theorem 1.6] Fix any R > 0. For A, c > 0, let X = Xx^c be the Banach space of all 

7] ■. [fo, oo) X —)■ C satisfying 

llr^llx := sup(e^ir 7 || 5 (t) + e^^^\\Xr]\\sit)) < oo. ( 1 . 10 ) 

t>to 

Suppose 0 < ai < Then, for suitable c < 1 and large enough A, and under suitable 
conditions of {uj} and {vj}, $ is a contraction mapping on the closed unit ball of Xx,c- 
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The S{t) in the statements represents the Strichartz space on the time interval [t, oo) (relevant 
preliminaries will be given). What the “suitable conditions” are will be clear in due course. 
Roughly speaking, they concern the speeds of the following two limits: i) Uj 0, so that 
the Lebesgue norms of T (or also of VT) can be controlled by (1.6); ii) \vj — Vk\ —)■ cxd (as 
j, fc —)■ oo, j 7 ^ k), so that different solitons are sufficiently separated to each other. 

Remark 1.1. We assume the initial positions of all the solitons to be the origin for simplicity. 
This is an apparent reason why some constructions (such as the second result cited above) have 
to be done on time intervals [to, cxd) with positive to- The same situation will occur in some of 
our results for mixed dimensional trains. 

1.3 Mixed dimensional trains 

Now we consider asymptotic profiles consisting of solitons of multiple dimensions. The sim¬ 
plest example is 

Ti + T 2 := Ri-k{t, xi) + '^R2-,j{t,xi,X2), (1-11) 

fceN jsN 

where Ri-k and R 2 J are solitons in and respectively. For convenience, weTl call them 
ID solitons and 2D solitons. (1.11) can be visualized as the profile of a line-point soliton 
train in (and a plane-line soliton train in a space-plane soliton train in and so on). 
Similarly, we can consider a combination of eD solitons and dD solitons for 1 < e < d, or even 
combinations involving three or more dimensions. (It turns out that there are limited realizable 
combinations. See the section “Main results” below.) Solutions having such ki nd of profiles 
will be called mixed (dimensional) trains. In the following we take (1.11) as an example to 
describe the particular difficulties in constructing mixed trains. 

First, our general idea encounters a problem if we only use a 2D error T]{t, xi, X 2 ). To see 
this, note that by posing a solution of the form Ti + T 2 + rj, we get 

H = f{Ti +T,)-Y) - E 

k j 


Then, with xi being fixed, we have 

lim H = f(Ti(t, Xi)) - V] f{Ri-k{t, Xi)), 

k 

which is nonzero in general. That is H has no space decay at infinity, and hence defies any 
suitable estimate (we will need Lg controls of H for p < 2). To resolve this problem, we will 
also introduce a lower dimensional error. Precisely, we will construct a solution of the form 


Ti + + T2 + r/, 

where rji = Xi) is such that Ti -f r/i is an ID train (i.e. a solution of (1.1)). In this way, 
by regarding {Wj} as the sequence defined by Wi = Ti + 7]i, and kF,+i = i? 2 ;j for j ^ N, we 
have 

H = f(Ti + ,,1 + r,) - /(Ti + r,i) - 
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which we will be able to estimate suitably. 

The main difficulty in the eonstruetion is that the ID objeets Ri-k and rfi only allow 
bounds in X 2 - There are two aspeets of the effeet of this restrietion. 

1) To estimate products involving ID objects and rj (such as || |?7||?7i|“niLg)> we must have 
estimates of the ID objeets, to avoid the need of dealing with “anisotropic” estimates of 

T]. Here by an anisotropic estimate we mean an estimate with pi ^ p 2 - Whether 

sueh estimates are available for p is unelear (see Appendix B). Now, for Ri-k, the estimate 
is easy to obtain from (1.6). However, there is no ready result asserting an control of 
Pi. In the previous works [5, 6 ], the authors did not eoneem the possibility of construeting 
(single dimensional) trains with eontrol of the errors. (Nevertheless, (1.10) does imply sueh 
eontrols by Sobolev embedding. WeTl discuss it in Section 4.3.) As a consequence, we will 
investigate this problem before going into the mixed eases. 

2) On the other hand, anisotropic estimates for R 2 J (and Vi? 2 ;i) are easy to obtain (also by 
(1.6)). In estimating produets of them with the ID objeets, we will exploit sueh estimates. As 
will be seen, using anisotropie estimates does give us mueh better results. 

1.4 Main results 

We summarize our main results in the following. 

1. From Theorem 3.7 and Theorem 3.9 (see also Corollary 3.1 1), there exist single dimen¬ 
sional trains T + p sueh that 

• ll^(^) IUinLg° has exponential deeay in t, provided 

- d = 1, with 0 < tti < 02 < ttmax; 

- d = 2,3, with 2(| — i) < oi < 2 and ai < a 2 < Omax- 

• ll^(^)exponential deeay in t, provided 

- d = 1, with 1 < «! < 2 and ai < a 2 < Q ma v 

2. With the above existence results of eD trains Tg + pe (e eorresponds to the above d). 
Theorem 4.5 and Theorem 4.7 assert the existenee of eD-dD trains Te + pe + Td + p sueh 
that 


• lhlls(d has exponential deeay in t, provided 

- l<e<3, e<d<e + 3, with max(2(| — 0) < ai < 0^2 < 4/d. 

• Ihllsfi) + ll^dlls(d has exponential decay in t, provided 

- e = 1, d = 2, with 1 < ai < 4/3 and ai < a 2 < 00 . 

3. With the last result. Theorem 4.8 asserts the existence of 1D-2D-3D trains T 1 + P 1 +T 2 + 
d 2 + T'i + p sueh that 

• ||? 7 || 5 (q has exponential deeay in t, provided 1 < Oi < 4/3 and ai < ^2 < 4/3. 

We give some remarks on other possible construetions, not treated in this paper. 
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Remark 1.2. We focus on infinite soliton trains in this paper. Our method can apparently be used 
to construct trains with finitely many solitons. In that case, there is no need of any assumptions 
on (the finite sequences) {uj} and {vj}, as long as (1.6) is valid for all the solitons. 

Remark 1.3. We may add a half kink K(t, xi) (if it exists) to one side of Ti as in [5, 6], if all 
solitons (ID and higher dimensional) are positioned in the other side. If Ti is finite, we may add 
half kinks to both sides. (See [5, Figure 1] for an illustration.) Notice that, in this case, it is still 
possible that there are infinitely many higher dimensional solitons. For example, consider the 
infinite 2D train profile T 2 , with Vj = {vji, Vj 2 ) being the velocities of the solitons. To combine 
it with Ti having kinks on both sides, we can arrange Vji to make T 2 well separated from Ti, 
and take \vj2 — v£2] — )■ 00 as j, £ — )■ cxd (J ^ 1 ) to make the 2D solitons to be separated from 
each other. 

The rest of the paper is organized as follows: In Section 2, we collect some basic inequal¬ 
ities of the nonlinearity /. In Section 3, we construct single dimensional trains with spatial 
supremum control on the errors. Along the way, we give some detailed discussions as to the 
control of trains, which are also fundamental for mixed dimensional cases. We begin Section 
4 by showing the importance of using the Strichartz estimates for constructing mixed trains. 
Section 4.1 gives the necessary preliminaries related to the Strichartz space. The eD-dD trains 
are considered in Section 4.2, and finally the 1D-2D-3D trains are constructed in Section 4.3. 


2 Basic inequalities 

In this section, we collect some inequalities that are simple consequences of Assumption (F). 
The only thing that can be said new is Proposition 2.3 (and Corollary 2.5), of which the flexi¬ 
bility in choosing the powers will be useful in some places. We first make the following 

Convention of notation. In this paper, a constant is called universal if it depends only on the 
dimension d and the nonlinearity /, in particular Cq, ai, 0:2 in Assumption (F) and cc*, a, D in 
Assumption (T)^. We will use the notation < in the sense that the inequality is up to a universal 
multiplicative constant. The dependence on other parameters will be given explicitly, possibly 
as a subscript of <. 

Let/^ := i(|f-z|^) and/^ := i(|f+f|^), where / is regarded as a function of (x, ?/) G 
by letting /(x, y) := fix + iy). 

Proposition 2.1. Forwi,W 2 G C, we have 

|/(m;i +W 2 ) - f{wi)\ < ^(|m;2||wi|“* + (2.1) 

i=l,2 

and 

\fz{wi +W 2 ) - fz{wi) \ -f \f-^{wi+W2) - fz{wi)\ 

i=l,2 
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See [5, Lemma 2.2] for the proofs of both inequalities. Notiee that sinee /(O) = 0, (2.1) 
subsumes \f{w)\ < 2 for w e C. It’s easy to eheek that we also have /^(O) = 

/z(0) = 0 from Assumption (F), and (2.2) subsumes \ fz{w)\ + \ fz{w)\ < J2i=i2 1'^!“’ for 
te e C. 

For te : —)■ C sueh that the ehain rule applies to V f{w{x)) (e.g. w G ), it’s easy to 

cheek that 

Wifiwix))) = fziwix))\/wix) + Mwix))W^. (2.3) 

We have the following corollary. 

Proposition 2.2. Forwi,W 2 E IF;),’J(R'^, C), we have 
\V[f{wi+W 2 ) - f{wi)]\ 

< + i\w,\ + \w2\r\Vw2\}, (2.4) 

i=l,2 

and 


\\/[f{Wi+W2) - fiWi) - fiw2)]\ 


< 




(2.5) 


1 = 1,2 


Proof. Let w = wi + 1 x 2 - By (2.3), 


|V[/(m;) - /(wi)]| = \fz{w)Vw + f 2 {w)Vw - fz{wi)Vwi - fz{wi)Vwi\ 

< ilfziw) - fziwi)\ + 1/2(11;) - fziwi)\)\\/wi\ 

+ {\fz{w)\ + 1/2(11;) I) I Vii;2|, 


and (2.4) follows (2.2). For (2.5), we have 


|V[/(ii;) - f{wi) - f{w2)]\ = \fz{w)Vw + fz{w)Vw 

- + fz{Wj)VWj)\ 

i=i,2 

< Y1 (l/^H “ + \M^) - 

i=i,2 

Let 1' = 2 and 2' = 1. Then (2.2) implies 


|v|/W-/(i«i)-/Mll 

i=l,2 1=1,2 

= + |ii;ir“^“^’^^|Vii;2|). □ 

1 = 1,2 

Proposition 2.3. For any 9ij, 0*^ G [0,1] (i = 1, 2, j G N), and for any absolutely convergent 
series of complex numbers, we have 

j j *=1,2 j £^j e^j 
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Remark 2.4. It should be clear that we use Yhj ^ represent (with j fixed) to 

represent J2een\{j}- We’ll freely use such simplified notation in this paper. 

Proof. The inequality is trivial if Wj = 0 for all j. So assume at least one Wj 7 ^ 0. Let 
for each j G N, and let w = Wj. We have 

l/(^) - = I Yl^hjfiw) - fiwj)]\ 

j j 

^ -/K)l + (1 - hj)\f{wj)\y 

j 


By (2.1), 


hjlfiw) - f{wj)\ 


< m 

rsj 


< 


Ee ,ti ,2 

\we\) 

Ee 


{Irr? — Wj\\wj\°‘^ + \w — 


*= 1,2 e^j 


And 


Thus 




\w. 


I Cki + l 




Ee\wi\ 


E 

i=l,2 


Wi 


l/W-E/WIEg,i: S,H 


J i=l,2 J 

Now fix any 6 G [0,1]. Notice that by Young’s inequality we have 


«>jr + (Ei"’'i)“‘|- 

(■^3 


X 


+ y>{i- > x^-%\ yx, y>0. 


Thus 

^ IwfiEi^^M \y^3\iEi^jM ^, |.i_, 

E. kd k.l + (Ee^, k.l) - \y^3E%Ee^, ' 

This completes the proof. □ 

Corollary 2.5. For any ^ [0, 1] (* = 1, 2), and Wi, W 2 £ C 

\f{wi+W2) - f{wi) - f{w2)\ < ^ + |wiE'^'|w 2 r'’^'^'). 

i=l,2 

Proof. The assertion follows by considering Wj = 0 for j > 3, and taking 

^*2 = fil = fi, 0*2 = ^*1 = 


in Proposition 2.3. 


□ 
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3 Single dimensional trains with control of errors 

In this section we investigate the possibility of constructing single dimensional trains 

T + i] (3.1) 

such that \\ri{t)\\L'^ (or even ||77(t)||^i.oo) decays exponentially in t. Here 

T 'y ^ Rji where Rj 

jSN 

are dD solitons as given by (1.5), with = 0 for all j. Besides the main results (Theorem 3.7 
and Theorem 3.9), many discussions in this section are also useful for next section. 

By Assumption (T)^, 


where we used 

By the change of variable x = we get for 0 < p < cxo 




< Dp{vj)uj 


_1 _^ 

ai 2p 

j ’ 


(3.2) 


(3.3) 


where Dp = i9||e 

Remark 3.1. The norm || • in (3.3) is indeed || • ||loo(r ip(Kd)) (|| • for short). We shall 

however maintain the sloppy notation for simplicity. The same remark applies to ||T||iP and 
II VT||j^p, which will be considered soon. Note that as solitons do not change shapes, they can 
not have bounds for any s < oo. 

Remarks.!. Using the inequality \y\ > (|pi| H-h {ydD/y/d, we get Dp < D(^^)'^/r’_ Thus, 

for fixed Po > 0, P > Po implies Dp <p^ 1. In particular. Dp < 1 if po is universal. There will 
be times we have to consider po < 1 - 

Lemma 3.3. ForO < p < oo, and M > max(l,p“^), we have 



J J 
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Proof. The first inequality is true by the following computation: 


3 3 

< II ^ \ Rj\^^^\\^Mp (since 1/M < 1) 

3 

< II |i?j|^/^||^Mp)^ (since Mp > 1) 

=(Eiifl,iiir)" 

3 

Similarly, we have || |V-Rj|||lp < \\'VRj\\]^J^)^, which implies the second inequality. 

□ 


To avoid cumbersome notation, we define 




Bp = Bp 


M \ min(l,p)( max(l,p l) 


(3.4) 


for 0 < p < cx). By Lemma 3.3 (with M = max(l,p ^)), we have 

II l-^illU§ — DpAp, and || |Vi?j|||i;,p < DpBp. 


(3.5) 


In particular, ||T||iP < DpAp, and llVTU^p < DpBp. 

As discussed in the Introduction, to construct solutions of the form T + p, we consider the 
operator 

poo 

$p(t) = -i e*(*-")^[G'(r) + H{t)] dr, (3.6) 


where 


Define 


G = f(T + p)-f(T), and H = f(T)-J2 


V.--- inf \ain{l.ojy^,ojl/‘^)\Vj - Vkl 

2j,km,j<k \ J ’ ft /I ./ 


(3.7) 


The following lemma gives more precise and complete estimates of H than those given in [6, 
Lemma 4.2, Lemma 4.4]. 

Lemma 3.4. We have the following estimates for the source term H: 

(HO) Fix any tq > 0. For r > s > tq and f > 0, 

i=l,2 i=l,2 
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(HI) Fix any ri > 0. Forr > s > ri and t > 0, 




l—slr^—a min(ai ,1)(1—s/r)D*i 


i=l,2 


1 = 1,2 


where p, q are arbitrary numbers in ( 0 , oo] satisfying | ^ = 7 - 

Remark 3.5. The inequalities are indeed true for all r > s > 0, only that the multiplieative 
eonstants will then depend on s. For the upper bounds given in (HO) and (HI) to be under 
desirable eontrol, there are aetually natural ehoiees of tq and ri that are universal (depending 
only on d, ai, a 2 ). WeTl diseuss this point right after the proof. 

Proof of Lemma 3.4. Eaeh assertion is proved by the same strategy as in [5, 6 ]: Prove the ex¬ 
ponential deeay in t of the Lf norm, by singling out the soliton “nearest” to a fixed {x,t). 
And prove the boundedness of the norm independent of t. Then the estimate follows by 
interpolation. 

Proof of (HO). For fixed t, x, let m = m(t, x) G N be sueh that 


X — Vmt\ = min la; — vd\. 
jsN 


Then for j m, 

\x - Vjt\ = \x - Vmt + {Vm - Vj)t\ > \Vj - Vm\t - \x - Vmt\ > \Vj - Vm\t - \x - Vjt\, 


and henee 



(3.8) 


By (2.1), 




j^m 


< {iT - + IT - iu\r + ^ 



s Z {(E \Bi\r + (E \Bi\r*'}' 



Thus, by (3.2) and the definition of u*. 


^i^E{(E<''“”‘‘ 


)(E<T‘ + (E 




i=l,2 jj^m 


3 


j^m 



1 = 1,2 
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Now that the upper bound is independent of x and m, we get 


\\Hm 




< 




—avtt 


(3.9) 


i=l,2 


Next, we try to bound ||^f||L|, for finite s > tq > 0. By Proposition 2.3, in partieular its 
flexibility of choosing 9ij and (pij. 


*=1.2 j l+j 

2 E E{i^^i““'“‘’‘'(E + ifl,i(E 

i=i,2 j e e 

E {(E ifi,r“'“‘'‘>)(E + (E i«ii)(E 


< 

*=1,2 ' j 

Since due to max(ai, 1) > 1, we get 

l»l:SE(El«jl)°‘^l 

*=1,2 j 


Thus, for s > ro, by (3.5) (and Remark 3.2) 


i|iiiksSEiiEi«^iii;iiU^-. E-i' 


(ai+l)s* 


(3.10) 


i=l,2 j 1=1,2 

By (3.9) and (3.10), for r > s > ro, we have 

i=l,2 i=l,2 

Proof of (HI). By (2.3) and (2.2), 

|V//| < E(l/«(0 - 

3 

<EE(ir-flo |)minK-l)(|T - Rj\ + 

*= 1,2 3 

- (3-11) 

*=1,2 j f. 


< 




i=l,2 


where 


3 ^+3 
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Let m = m{t, x) G N be as above. By (3.2) and (3.8), 


j^m i^j 

j^m i^m 

< (t > 0 ) 


Thus 

l|V//(t)|U- < ( 5 ^ ( 3 . 12 ) 

i=l,2 

On the other hand, from ( 3 . 11 ), 


|v//i<EBE 

*= 1,2 j e 


Rf 


\min(oi,l) 




max(Q:i —1,0) 


Vfl, 




Hence, for s > ri. 


*= 1,2 i 


\Ll\ 




jiiiif Si E'iSj^p, 

i=l,2 


where p, g are any numbers in ( 0 , cxo] satisfying f+ i = - 1 . By ( 3 . 12 ) and ( 3 . 13 ), for r > s > ri, 
we have 


l|V//(i)||z,; . 1.1 


<-. ^E<«'Bp)"''(E'lS-Boo)‘ 

2 = 1,2 2 = 1,2 


—sfr^—a min(ai ,1)(1—s/r) 2 J*t 


□ 


Now we explain how the values of Ap, Bp (here p is regarded as a parameter) and u* should 
be controlled, by adjusting {uj} and {vj} of the profile T. As is mentioned, we need Uj —)■ 0 
and \vj — Vk\ oo. Precisely, we will need the flexibility of making as large as we like, 
and at the same time controlling the sizes of Ap and Bp. As to this purpose, the first obvious 
observation is that Ap < oo can be true if and only if ^ ~ ^ > 0, i.e. p > Next, a little 
thought shows that w* > 0 and Bp < oo can hold simultaneously only tf -R — which is 

equivalent to ai < 2 and p > It turns out that these minimum requirements are sufficient. 
We give the relevant facts in the next lemma. For convenience, we define 

,d(y.\ , , d(y.\ , , , ~ , 

Ca = (—,oo; Cb = {- -,oo (ifai< 2 ). (3.14) 

2 2 — «! 


Lemma 3.6. 

1 

(a) For oo > g > p G Ca, we have Aq < max(l, ujf) “i Ap whenever Ap < oo. If ai < 2 and 

1 

oo > q > p E Cb, we have Bg < max(l, cu*) “i Bp whenever Bp < oo. 
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(b) Suppose q G Ca, then for any constants c, A > 0, there exist {coj} and {vj} such that 
Aq < c, and > A. If moreover ai <2 and p G Cb, then {uj} and {vj} can be chosen 
so that Bp < c is also satisfied. 

The proofs of these facts are elementary and are given in Appendix A. Briefly, (a) says 
Aq < Ap and Bq < Bp for q > p. As a consequence, when there are several Ap or Bp to be 
controlled, it suffices to control those having smaller p. And (b) is exactly the desired control, 
(a) and (b) will be fundamental for the effectiveness of our estimates of G and H. 

For the construction of soliton trains in this section, the needed estimates will be derived 
from the dispersive inequality: If p G [2, cxd] and t 0, 

Vm G Lp'(R^). (3.15) 

We now give our first main result. 

Theorem 3.7. Let d = 1, and f satisfy Assumptions (F) and (T)d. Suppose moreover ai > 1. 
Then for any finite p > 0, there is a constant Aq > 0 such that the following holds: For 
Aq < A < oo, there exist solutions o/ (1.1) of the form (3.1) /or f > 0, with 

supe^*||p(f)|/ 2 nL^ < p. (3.16) 


Proof For 0 < A < cx 3 , let X = be the Banach space of all p : [0, cxd) x —)■ C with 

norm ||p||js: defined by the left-hand side of (3.16). By interpolation, we have 

hit)\\Ll < h\\xe~^^ Vp G [2,oo], Wt > 0. (3.17) 


Given p G (0, cx)), we will prove that, for sufficiently large A, there are {uj}, {vj} such that 
(defined in (3.6)) is a contraction mapping on the closed ball {p G X : ||p||x < p}- 
First, we give estimates for <I) to be a self-mapping. Given p G X with ||p||x < P- For 
p E [2, CX)], the dispersive inequality (3.15) implies 




l^p ^ 
F'x r\j 


\t-T\ 1 \\\G{t)\\pp> + \\H{t)\\ y)dT. 


To estimate H'Fpllx, we have to estimate ||G(r)|li, 2 , ||G(r)||ii, \\H{t)\\l2 and \\H{t)\\li. 

By (2.1), 

|G| = |/(T + p) - /(T)| < {|p||T|“‘ + |p|“*+i} . 

i=l,2 

For the first term, we have 


““(r)|U^<||p(r)|U2||T||“». <pAS(e-^ 
<lh(r)|U|||T||“L. <pA- 

where notice that 2 q;i G Ca- For the second term, by (3.17), 




G:i + 1 i 


t)|U; = |l>)(T)ll"i!i. < ^"<-‘6-'”-*'- < p- ■ -e 

L'x 


Oi + l -{ai+l)\T ^ 


(3.18) 

(3.19) 
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(3.20) 

(3.21) 


where in (3.21) we use the assumption ai > 1. 

For H, taking r = 2 and s = 1 in Lemma 3.4 (HO), we get 

\\H(T)hi < (Y, (3.22) 

i=l,2 1=1,2 

with 0(1 + 1 G Ca- Taking r = 1 and s = 1/2, we get 


mAh. < (3.23) 

i=l,2 i=l,2 

with (ai + l )/2 e Ca- 
Now suppose 

> A. (3.24) 

Then from (3.18), (3.20) and (3.22), we get 

/ OO 

dT = E,X-^e-^\ (3.25) 


where 




‘*‘) + (E 

AO-i + l- 



i=l,2 


i=l ,2 


j=l ,2 

From (3.19), (3.21) and (3.23), we get 






'CO 

1 ^- 


dr = 

E 2 r(l/ 2 )A-^/^e-^', 

where 







= E 

+ xm + (E '^riA)/2)‘''(E 


1 = 1,2 


j=l ,2 


i=l ,2 

and r( 2 ;) 

= /q°° x^~^e~^dx is the 

; Gamma function. 




Next, we give estimates for contractivity. Given r]i,r ]2 G X, ||?7i||x, Wv^Wx < P- We have 

/ CO 

e*(*"^)^[/(T + T]i) - f{T + P2)]{r) dr. 

Hence, forp G [2, cx)], 

/ CO 

\t - T\~^^~p^\\[f{T + r/i) -/(T + p2)](r)||^p'dr. 

By (2.1), 

|/(r + pi) - /(T + V2)\ < {im - ^2 ||t + mr + \vi - 

i=l,2 

~ Y1 {l^l + \Vl-V2\{\Vl\ + \V2\T'}- 

i=l,2 
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By (3.17), 




7i-^2||T|-(r)|U.<||(r/i-r;2)(r)|U.||T|L^ 


^ ^ZWvi - V2\\xe 


—Xt 


\\\m-V2\\Trir)\\,l < ll(m-r]2)(r)|Uil|T(r)||2., 

<ATaM-V2\\xe-^^, 

\\\Vi - V2\{\vi\ + \V2\r{r)\\Li < \\{Vi-V2){T)hM\Vi\ + \V2\){rWL^ 

<{2pr\\Vi-V2\\xe-^\ 

\\\Vi - V2\{\Vi\ + \V2\rir)\\,. < IKr^i -r;2)(r)|U.||(|r;i| + |r;2|)(r)||“L. 

< {2pr%pi - P2\\xe-^^. 


Hence 

||($77i-$772)(t)||Li <i?3A-'hi-r72||xe-"*, (3.27) 

where Eg = Ei=i, 2 (AlS + ( 2 p)“ 0 - And 

||($77i - $772)(t)||L- < E4r(l/2)A-V2||^^ - (3.28) 

where E 4 = Ei=i, 2 (A 2 ai + ( 2 p)" 0 - 

Now for any A > 0, Lemma 3.6 ensures that we can choose {uj} and {vj} (depending on 
A) such that n* satisfies (3.24), with all “Ap" being no larger than any preassigned number, say 
Tip < 1. In particular, we see there is a constant E = E{ai, 02 , p) > 0 such that Ei < E for 
£=1,2, 3,4, given in (3.25), (3.26), (3.27), and (3.28). Thus, also from these inequalities, if A 
is large enough (i.e. A G [Aq, C)o) for some large enough Aq), such choice of {uij}, {vj} gives 

ll^pWlUinL- < 

||($pi - <f>P 2 )(f)||LinL- < ^IIpi - V2\\xe~^^. 

Hence $ is a contraction mapping on the closed ball of X with radius p. □ 

Remark 3.8. By the contraction mapping principle, for a fixed profile T such that $ is a con¬ 
traction, the error p is unique within the class we try to find it. 

Before giving the next theorem, we make some comments on the choices of {ojj} and {vj}. 
As gradient estimate of p is not involved in the previous proof. Bp does not occur, and the last 
part of the proof can be replaced by the following: 1) First choose {ojj} so that the coefficients 
El ~ E 4 are finite (equivalently, all “Ap” are finite), then 2 ) choose A > Aq sufficiently large 
so that (3.25) - (3.28) imply that $ is a contraction mapping. And hence 3) the construction is 
done for any {vj} such that (3.24) is satisfied. 
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It’s then easy to see what ehoiees of {coj}, {vj} are allowable. For example, sinee A(^ai+i )/2 
is the Ap with smallest p to be eontrolled in the proof, the eonstruetion is possible if and only if 
{uj} is sueh that A(^a^_+l )/2 < oo, i.e. 



(3.29) 


However, when there is Bp, the Step 3) of ehoosing {wj} will also influence the coefficients 
considered in Step 1). For later considerations, we have given a proof that works even when 
Bp is present: For every A, Lemma 3.6 ensures that we can choose {ujj} and {vj} so that v* is 
large enough and all Ap, Bp are small. For large enough A, $ is hence a contraction mapping 
for such {ujj}, {vj}. Moreover, giving precise conditions as (3.29), though possible, would be 
rather cumbersome. We shall hence satisfy ourselves with such vague statement as Theorem 
3.7. Suffice it to say that, once a construction is done with some choice of {uij} and {vj}, it is 
done with all other choices making the present Ap and Bp smaller and the n* larger. One easy 
way to obtain such “better” choices is by rescaling, i.e. by considering {nuj} and {uvk} for 
suitable positive constants k, u. The argument is routine and we omit the details. 

We now turn to our next main result. First, notice that the proof of Theorem 3.7 fails for 
d> 2, since the dispersive inequality gives 



where the singularity at r = f is not integrable. As a consequence, we consider the following 
alternative way: Construct trains T + rj having ||r 7 (f)||i 2 and ||V? 7 (f)||Lj controls for some 
r > d. Then the ||?7(f)||Ljo control follows from Sobolev embedding (Gagliardo-Nirenberg’s 
inequality). It turns out that we still need d < 3. Moreover, due to some technical benefits, we 
also assume the || V? 7 (f) 11^2 control in our construction (see Remark 3.10 after the proof). 

Theorem 3.9. Let d <3, and f satisfy Assumptions (F) and (T)d. Suppose — ^) < ai < 2 
(the lower bound is empty unless d = 3). Then for any finite p > 0, there are constants r > d, 
Ao > 0, and 0 < Ci < 1, such that the following holds: For Aq < A < cxd, there exist solutions 
o/ (1.1) of the form (3.1), with 


sup{e^*||p(f)||i2 + e'=i^iVp(f)||L2nL.} < p. 


(3.30) 


If moreover d = 1 and ai>l, then the above assertion holds with r = oo. 

Remark. We need d < 3 so that is locally integrable in t for some r > d. We 

need ai < 2 so that Cs in (3.14) is nonempty, and hence Bp can be controlled for p G 

Proof For r > d, A > 0, and 0 < ci < 1, let X = XrXci be the Banach space of all 
rj ■. [0, cx)) X —)■ C with norm \\ri\\x defined by the left-hand side of (3.30). By the Gagliardo- 
Nirenberg’s inequality, for any p G [2, oo]. 



{l—6-\-ci6)Xt 


(3.31) 
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We will show that $ can be a contraction mapping on the closed unit ball of X (the case of 
p = 1). Balls with other radius can be similarly treated. Moreover, we’ll only give the estimates 
for to be a self-mapping. As in the proof of Theorem 3.7, the derivations of the estimates for 
contractivity are no harder (and without the H parts). 

Given rj e X with \\ri\\x < 1 - We will first estimate ||<h?7(f)||i2, and then || V<h?7(f)||Lr. 
Finally, \\'\/^ri{t)\\L 2 is basically a special case of || V$r 7 (t)||Lr. 

Part 1. Estimate of \\^ri{t)\\L 2 . For G, we have 

l|G(r)|U| < ^(|||r,||T|“'(r)||i| + |||r,r‘+‘(T)||i|) 

i=l,2 

i=l,2 

< + 0.32) 

i=l,2 


by (3.31). Then consider H. Since d < 3, we have 2 > ^ 

2 > Si > S®*- froni Lemma 3.4 (HO) 

ll/^WlUl < (53 (3,33) 


with (tti + l)si e Ca. Suppose 

a(l — si/2)u* > A. 

Then from (3.32) and (3.33), the dispersive inequality gives 


ll^dWII 


LI 


< 


Eie 


dr = EiX-^e-^\ 


(3.34) 


where 

E, = 53(^s;++ (53 ^Si)..)'‘'753 

i=l,2 1=1,2 i=l,2 

Part 2. Estimate of II V$r 7 (f) IIi;,r. This part is more delicate. The dispersive inequality 
gives 


||V4,,(()|| 


r r 

rsj 


\t - rl-^d-^Sdl VG(r)|l„. + || Vi/(r)||„.) dr. 


To derive a suitable estimate from it, in the following we will get several conditions on the lower 
bounds of 1/r. The one thing to check is that they are all strictly less than 1/d, so that there is 
really one r > d satisfying all the conditions. Moreover, if d = 1, r can be oo. 

Step 1. For |f — to be integrable at the singularity r = f, we need d{\ — A) < 1, 

i.e. Ill 

- - < (Condition 1) 

2 d r 

Since we want r > d, we need the lower bound 4 — 1 to be less than 4, which holds if and only 
if d < 3. If d = 1, the lower bound is negative and we can choose r = oo. 
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Step 2. Estimate ofG. By (2.4), 


|VG| = |v|/(r + .,)-/(r)i| 


If ttj > 1, we have to estimate the norm of (1) |77||T|“*“^|VT|, (2) \p\°‘^\S7T\, (3) |T|“*|Vr 7 |, 
and (4) |? 7 |"*|V? 7 |. And if a* < 1, we only have to estimate (2), (3) and (4). We diseuss them in 
the following. We remark that the p, q in different sub-steps are unrelated. 

Step 2-1. Estimate of (1). (Only for ai > 1) Suppose 


i < i + -1) + 2 (_L _ i). 

r' 2 dai d 2/ 


(3.35) 


Then, sinee \ we have A 


1 

p 



«i 


\). Thus 


I + i i for some p,q E (0, cx)] satisfying f < and 


|||r;||T|“-^|VT|(r)|L.. < ||r/(r)|U||||Tr-l^.||VT|U. 


with (ttj — l)q E Ca and p E Cb- Notiee that (3.35) is equivalent to 


1 _ 2 1 \ 1 

2 d \ai 2/ r 


(3.36) 


(Condition 2) 


It’s easy to eheek that, sinee d < 3 and > ai, the lower bound is strietly less than 1/d, and 
is negative if d = 1. 

Step 2-2. Estimate of (2). Let q = max(r', 2/ai), and p be sueh that A = i + i. By (3.31) 


lll^riVT|(r)|L.. <||p(r)||“*.,.||VT|Ug 

X Ux 

< R C"* -ai{l-e+cie)\T (n 

^P^d,aiq,r^ , 

where 6* = (| — ^)(| + r)~^- (3.37) to be an effeetive estimate, we need (i) p E Cb, 

and (ii) ai(l — 6 Ci9) > ci. 

Sinee - = 4 — (i) holds iff 

p r' Q ^ ^ 


1_1 

r' q d \ai 2/ 


(3.38) 


There are two eases aeeording to the value of q. If q = r' (i.e. r' > 2/a\), then (3.38) 
is automatieally true sinee ai < 2, and no restrietion on r is needed. On the other hand, if 
q = 2/ai (i.e. r' < 2/ai), then (3.38) gives 


1 - 



(Condition 3) 
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Since 


2 


(3.39) 



dai 



the lower bound is less than 1/d for d < 3. Moreover, if d = 1, strict inequality holds in (3.39), 
and the lower bound is negative. 

Now eonsider (ii). Sinee r > d, there exists some cm = CM{d, ai, 0 ^ 2 , r) > 0 sueh that (ii) 
holds as long as 0 < Ci < cm- For example, we ean use the (rather rough) estimate 


ai{l — 6 + Ci6) > ai(l — 6). 


Henee (ii) holds if 


, 1/1 1 l\-i 

0 <c.<a. I 


Step 2-3. Estimate of (3). We have 

|||Tr*|Vr;|(r)|L.. < |||Tr»|U|||Vr7(r)|U. 


(3.40) 


(3.41) 


where p = - + \- We need G Ca, i-e. 


1 2ai 1 

- < -. 

2 dai r 


(Condition 4) 


The lower bound is less than 1/d, and is negative if d = 1. 
Step 2-4. Estimate of (4). We have 


where ^ = 1 + 1. If Uiq > 2, that is 


1 aj 1 

2~ Y -r'' 


then we get from (3.31) 


Oli 


Yv\ir)hrj<GZ,,,re 


—Cl At 


(Condition 5) 

(3.42) 


The lower bound in (Condition 5) is less than 1/d sinee 2(1 — 1) < ai (this is where we need 
this requirement). Moreover, r ean be cxo if ai > 1. 

Step 3. Estimate of H. Suppose 


1 2 


equivalently 


,2 

1 


+ d^ 


2^’ 

1 

1^ 

\ 1 

-h 


< - 

Qfi 

2y 

f f 


(3.43) 


(Condition 6) 


One can check that the lower bound is less than 1/d by d < 3 and ai < 2, and is negative if 
d = 1. From (3.43), by fixing a small enough £ > 0, we have 

12 12 , 11 , 

-;=(_-)-£ > 0 , 

q d p d ai 2 
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and 


1 1 2e>^ 

S 2 p q d d^ai 2 r' 

From Lemma 3.4 (HI), we get 


||Vif(r)|| 


Ld 


< 

rsj 


)l-^2/r''g-amin(ai,l)(l-S2/r')'M*T 

i=l,2 i=l,2 


(3.44) 


Since J f and J < |(^ - |), we have aiq G Ca and p G Cb- 

From the above discussions, we get the following conclusion: Suppose r > dis sufficiently 
close to d. Cl satisfies (3.40), and u* satisfies 


amin(ai, 1)(1 — S 2 /r')v^ > CiA. 


(3.45) 


Then we have 


/ OO 

= E 2 r(l - d{l - (3.46) 

2 r 

where E 2 is obtained by collecting the coefficients in (3.36), (3.37), (3.41), (3.42), and (3.44). 
Part 3. Estimate of \\'\/^p{t)\\L 2 . We have 


/ cx> 

(||VG(r)|U. + ||Vi7(r)|U.)dr. 

We can imitate Part 2 to obtain all the needed estimates. We summarize them below. 


1. There is no need of Step 1. 

2. For the four sub-steps in Step 2, simply replace “r” by “2” (except those of Gd,p,r and 6 
in using (3.31)), we have the following results: 

( 2 - 1 ) |||r;||T|“-i|VT|(r)|U 2 

( 2 - 2 ) |||??|“'|Vr|(r)||L 2 < where q = max( 2 , 2 /ai), p is such 

that I = J and 6 ^ = (| - ^)(i -f i - ^)"^ It’s easy to check thatp G Cb, and 
0,(1 — 6 * -f C 16 *) > Cl as long as (3.40) holds. 

(2-3) |||r|”-|Vi)|(T)|U|<3lSe-o"'. 

(2-4) 

3. The conclusion of Step 3 is valid with r replaced by 2. Precisely, we have 

l|V//(i)|U| < (Y, K,Bry^'^(Y (347, 

1=1,2 i=l,2 

where S 2 , p, g can be the same as given there. 
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Thus, if (3.40) and (3.45) hold, we have 


/ CXD 

dr = E 3 (clA)-'e-'=l^^ (3.48) 

where is obtained by eolleeting the eoeffieients in (2-1) - (2-4) and (3.47). 

The eonelusions of the three Parts (namely (3.34), (3.46) and (3.48)) provide the needed es¬ 
timates for <f) to be a self-mapping. Similarly we can derive the estimates for $ to be contractive, 
and the theorem is true by Lemma 3.6. □ 

Remark 3.10. Our assertion will be weaker without considering the ||V? 7 (f)||L 2 control. Pre¬ 
cisely, without it, due to the necessary modification of Step 2-4 in Part 2, (Condition 5) becomes 
A — Y Thus we need 4(| — A) < ai (for A < A to be possible). Also, since ai < 2, 
r = cx) is not allowed. 

By Theorem 3.7, Theorem 3.9, and the Gagliardo-Nirenberg’s inequality (3.31), we have 
proved the following 

Corollary 3.11. Let d < 3, and f satisfy Assumptions (F) and (T)d. Assume moreover either of 
the following conditions: 

(i) 0 < «! < 02 < cxo ifd = 1. 

(ii) 2(i-i) <«i <2i/d = 2,3. 

Then for any finite p > 0, there exists a constant Aq > 0 such that the following holds: For 
Ao < A < CX), there exist solutions of (1.1) of the form (3.1), with 

supe^*||r7(f)||i2nL^ < P- 
t>o 

4 Mixed dimensional trains 

In this section we consider mixed trains. It would be good for the reader to recall the discussion 
in Section 1.3. 

First we point out a new problem not mentioned in Section 1.3: We can’t use only the 
dispersive inequality (3.15) to construct mixed trains like we did in the previous section. To 
explain the problem, we take the 1D-2D train Ti + pi + T 2 + p for example. Corresponding to 
this train, we have 

G = /(Ti +p, + T2 + p)- /(Ti + p,+ T 2 ). 

Suppose we try to find 77 in a Banach space X whose norm assumes the exponential decay of 
Wvi't )IILg (with possibly several p). Then we have to estimate \\^p{t)\\LP. To use the dispersive 
inequality, we can only consider p > 2. Then we have to estimate ||G(r)||^p', from which we 

will encounter (a) || |? 7 |(|Ti|-f |? 7 i|)“»(r)||^p' and (b) || |p|“'+H'?')ILp' (and also |||? 7 ||T 2 |“'(r)||^p', 
which is not relevant to the problem). For (a), since the ID objects only have bounds in X 2 , 
not Ll^ for g < CX), we can only estimate as follows: 

III^KITil + < UT)\\,Am\ + IviDirWA- 

2: 
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Thus we have to also assume the exponential deeay of \\ri(t) || p' for the norm of X, and henee 
have to estimate ||$? 7 (t)|| p'. Again, this ean be done only if p' > 2, and henee we must have 
p = p' = 2. Nevertheless, (b) then requires us to estimate ||^ 7 (r)|| , 2 ( 0 ;+!), and the eonstruction 

-^x 

fails. We remark that adding some ||V? 7 (t)||iP eontrols in the definition of X also results in 
similar problems. 

Due to the above observation, we shall use the Striehartz estimate to aeeomplish our task. 
In the following seetion, we reeall the basie definitions and faets about the Striehartz spaee, and 
then give some more speeialized inequalities to be used. 


4.1 Striehartz space 

Let A = be the set of all pairs (g, r) satisfying ^ + 7 = f, with 2 < r < rmax or 
equivalently gmin < q < 00 , where 


^max 


— Ad) 

' max 


CXD if d = 1 

4 if d = 2 and g^in = 
^ ifd>3, 


4 if d = 1 

4 ifd = 2 (4.1) 

2 if d > 3. 


Thus A is the set of all (Sehrodinger) admissible pairs if d 7 ^ 2. For d = 2, we take rmax < 00 
to avoid the forbidden endpoint, and rmax can aetually be any finite number no less than 4 for 
our approaeh. We set it to be 4 for preeiseness. 

For r > 0, we abbreviate L'^([r, 00 ), U{W'-)) as L^LKt), or even LjLl when the time 
interval is elear. WeTl abuse notation and write LjL'^^{t), where the two “f” should not eause 
eonfusion. Define the Striehartz spaee 


S{t) := L^Llit) n (t), 


with norm 


By interpolation. 


• \\s(t) := max(|| • lU-LKt), 


T 9min 


L ^max 
X 



s{t)= n 


LlLlit), and 


\Sit) 


sup 


iLlLlit)- 


Denote the dual spaee of S{t) by N{t). For (g, r) G a funetion i E Li is regarded as 
an element in N{t) by letting 

POO P 

{^,v)N{t),s{t)-= / ^{s,x)p{s,x)dxds (for ?7 e S'(t)). 

Jt JRd 

In this way, we have \{^,v)N{t),s{t)\ < UWif Lrj(t)\\^hit)’ and henee 

U\\N{t) < UWLfLrJit)- 

For A > 0 and to > 0, we define S\^to to be the elass of all p G S{to) sueh that 

IldllsA.to — supe^*||r/||s(i) < 00. 

t>to 
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By definition, ||77||s(t) < Ihlls^.t/ fort > to- In particular, since \\r]\\L^LUt) < lhllsw> we 
have 

\\v{'t)\\Li <\\v\\sx,to^~^^ for (almost all) t > to- (4.2) 

In the rest of this section we prove some useful inequalities, particularly Lemma 4.4. First, 
we give a fact arising from a proof step of [5, Proposition 2.4]. It might be of independent 
interest. 

Proposition 4.1. Given 0 < p < q < oo and A > 0. If u : [0, oo) —>■ [0, oo] satisfies 
||'w||L'i([i,oo)) < for all t > 0 , then 

\\u\\LP{[t,oo)) < CX^~pe~^^ Vt>0, (4.3) 

where we can choose C = C{p) in such a way that C < (1 — for p > 1. 

Proof We consider three cases separately. 

1. If p = g, (4.3) is trivially true with (7 = 1. 

2. If p < g = cxo, we have u{f) < for a.a. t G [0, cxd), and hence 

dr = (pA)-^e-P^7 

So (4.3) is true with C = p~^IP. 

3. Suppose p < g < oo. For fixed t > 0, let be a sequence satisfying to = t and 

tk oo. Then 


7/ r < 


\u\ 


LP{[t,oo)) 


fc =0 




u{tY dr 


^ / /’^fc +1 \ p/q 

k=0 

OO 

k=0 

oo 

k=0 


Letting tk = f + |, we get 

II“IIl.,|,,oo,) < (1 - 

Thus (4.3) is true with (7 = (1 — e~P)~^^P. 

Comparing the three cases, we see (7 < (1 — e“^)“^ for p > 1. 


□ 
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Definition 4.2. If (g, r) e A and 0 < p < g, we call {p, r) sub-admissible. Thus (p, r) is 
sub-admissible if and only if 2 < r < Trnax, p > 0, and ^ ^ f 

Corollary 4.3. Letp G G A and {p,r) is sub-admissible, then 




1/d_ d _2\ 

5we-^ “ ^^1 


At 


x.to- '■ - ir/,ls>,,,e - {t>to). 

Proof. The case of p = 0 is trivial. Assume p f 0. Define u : [0, cxo) —)■ [0, oo] by 

^ Ato 


u{t) = 


\Sx.t, 


-\\p{t + to)||LS, 


then ||M||L<i([i,oo)) < e for f > 0. By Proposition 4.1, ||M||LP([t,oo)) satisfies (4.3), which gives 
what we want to show. □ 

Definition 4.2 and Corollary 4.3 are only used in the next result. 

Lemma 4.4. VPe have the following estimates. 

(NO) Suppose 0 <m < 4/d. Foru,v G Sx,to> 


\u\\v\ 


\N{t) 




(Nl) Suppose 0 < m < Omax- For u,v E S\^to stich that | Vn| G S\^to> 

llhlkrikw Vi > i„, 

for some b = b{d, m) G [0,1] and p = p{d, m) > 0 (given explicitly in the proof). 
Proof. Consider (NO). For (g, r) G A, 


I II I TTL 11 III II I TTL 11 II II 

1^11^1 llAf(t) _ \\L'^'L^'(t) — \A\\ 

i X \ / i X 


'(i)ll^ll^(m+l)5'^£™+l)r-'(^)- 


(4.4) 


We want to show that there is (g, r) E A such that ((m + l)g', (m + l)r') is sub-admissible. 
That is, there are g, r such that the following conditions hold ((i),(ii) (g, r) G A', (iii),(iv) 

((m -f l)g', (m -f l)r') is sub-admissible): 


(i) | + A = 2 + f. 

(ii) Cax <r' <2. 

{m+l)q' + {m+iy — 2' 

(iv) 2 < (m -f l)r' < r^ax- 
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It’s enough to prove the existenee of r' satisfying (ii) and (iv), sinee (ii) implies the existence 
of q such that (i) holds, and then (iii) also holds by m < A/d. Now (ii) and (iv) are satisfied by 
some r' if and only if 


2 

m + 1 


< 2 


and 


r < 

max — 


'^max 

m + 1 ’ 


that is 


( oo if d = 1 
1 < m + 1 < ^ i 3 ifd = 2 

I ^ if d > 3. 


(4.5) 


Since 0 < m < 4/d, (4.5) is satisfied. (This is where we need rmax > 4 for d = 2.) Now let 
(g, r) G Ahe such that ((m + l)g', (m + l)r') is sub-admissible, then (4.4) and Corollary 4.3 
imply ^ 

This proves (NO). 

Now we consider (Nl). The case of m = 0 is justified in (NO), so assume m > 0. Then, for 
(g, r) e A and any 0 < d, 0 < 1, 


I II 177211 III II 1 7TL 11 11 11 Mil 772 


(4.6) 


By the Gagliardo-Nirenberg’s inequality, if p, b are two numbers satisfying p > 1, 


0<6<1, 67 ^ 1 ifp = d>l, 


(bl) 


and 

0 16 

mr' p d ’ 

then we have 


(4.7) 


I j mq^ f 6 j mr^ f <j) 



mr' f (p 

X 


Y mq' /6 


< 

r\j 


d,p,b 


llVull 


b I 


11-6 
17? 


Y mq' j6 


— II ll^'^ll Lz\\ T^nq'/iSb) 


|l-6 


^mq'/{e(l-b)) 




11-6 
J- m 


(4.8) 


Consider p > 2. Let 9 = m/{m + 1) and 0 = 1 — r'/p (which lies in [0,1] since p > 2), then 
(4.6) and (4.8) give 


mm 


\N{t) 




\U\ 


L("^+i)q'LP(t) I 


|m(l—6) 
lL("* + l) 9 'l,P(t) 




(4.9) 


where 


1 m +1 mb 
r' p d 


(4.10) 
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from (4.7). In summary, for the validity of (4.9), we need (i) (g, r) G A, (ii) p > 2, (iii) (bl) 
holds, and (iv) (4.10) holds. For the existenee of sueh g, r, p, b, it suffiees to show that there 
exist p, b satisfying (ii), (iii), and 


1 m + 1 mb 1 

- <-< — 

2 p d r'^.^ 


(4.11) 


Sinee then, by defining r' by (4.10) (henee (iv) holds), there is g sueh that (i) holds. Notiee that 
(4.11) is equivalent to 


d/m + l 1 d/m + 1 1\ 

mV p ~ ~ m\ p 2/ 


(b2) 


Henee we need p >2 and b satisfying (bl) and (b2). Moreover, we want to ehoose p, b so that 
((m + l)g',p) is “strietly” sub-admissible, i.e. 2 < p < rmax and 


m + 1 /d 2 

^ 2 \p^ {m + l)g' 


-1 = 1 


m ,d 


(4.12) 


where for the equality we use (g, r) ^ A and (4.10). Onee we have such p, b, then by Corollary 
4.3, (4.9) gives 


|w||^^nU(t) <ci,m 




mb —(m+l)A£ 


which is exactly what we want to prove. 

We give possible choices of p, b in the following. Notice that /i > 0 is trivial if d < 2. 

1. If d = 1, we can choose p = 2, and b any number satisfying max(^^^, 0) < 6 < |. 

2. If d = 2, we can choose p = 2, and b any number satisfying max( ^™~^ , 0) < 6 < 1. 

3. Ifd > 3, there exists b satisfying (bl) and (b2) if 

2(m + l)d 

2(m + l) + d ^ 

where the lower bound might be larger than 2. We consider two cases: 


(a) If 0 < m < we can choose p = 2, and b any number satisfying max(| — 
A, 0) < i, < 1. One has ^ > 1 - f (I - (I - A)) = 1/2. 

(b) If ^ < m < we ean ehoose p = and 6 = 1 (the only 

choice). It is easy to check that 2 < p < rmax and p > 0. □ 
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4.2 Construction of eD-dD trains 


Consider 1 < e < d. Let x = (x', x”), where x' = (a:i,..., Xg) and x" = (xg+i,..., x^). In 
this subseetion we eonstruet mixed dimensional soliton trains of the form 

u = Te + rje + Td + rj, (4.13) 


where 


Te = ^ Re-k (f, x '), Td = '^ Rd-j {t,x), 

fceN j'eN 

with i?e;A: and Rdj being eD and dD solitons as given by (1.5), with initial positions assumed 
to be the origin for simplieity. (The reservation of j for the indiees of the dD solitons and k for 
those of the eD solitons will be eonvenient.) The eD error T]e = r]e{t, x') is sueh that Tg + r^g is 
itself an eD train (solution of (1.1)), whose existenee will be provided by the previous seetion. 
And T] = T]{t, x) is the remaining error to be found. 

Denote the frequeneies of Rd-^j and R^-^k by ojj and cr^; and the veloeities by 

Vj Xj,2i ■ ■ ■ 1 Xj^d) and Uk ■ ■ ■ ■> 


(Their eorresponding bound states and phases will not be used explieitly, and henee there is no 
need to introduee notations for them.) i?g;fc is naturally regarded as a lower dimensional soliton 
in by eonsidering Re-,kit, x) = Re-,kit, x'), with veloeity iuk,i, ■ ■ ■, Uk,e, 0,..., 0). 

Besides the above, some more modifieations of notation given in the previous seetion have 
to be made, and some anisotropie generalizations need to be introdueed. We summarize them 
in the following. 


1. We’ll write Ad-p for Api{ijjj}) and Bd-,p for Bpi{ijjj}^ {xj}), as defined in (3.4). Similarly, 
we write 


- f-i ^ max(l,p L 


2. For 0 < p, g < oo, we abbreviate the spaee L^iW, L'?(M'^ '^)) as Reeall that, for 

M : —>■ C, 



In partieular with exaetly the same norm. The following generalizations are 

straightforward, henee we only give them without proof. We have 




Oil 2p 2q 


and 


\\^Rd-,j\\Ll,Ll„ < Dp^q' 




2p 2q 
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where Dp^q = D\\e By the same reason as in Re¬ 

mark 3.2, we’ll absorb Dp g into <. By a similar result of Lemma 3.3, we have 


where 


E 




q 

x' x' 


< Ad-p,q, and || ^ |Vi?, 




Ad;p,q:= 

j 




^d\p,q • 




min(l,p,g') 


cc;,- 


in(l,p,g)(^-^-^)ymax(l,p kg 1) 


3. We need all the solitons in both sequences to be separated, hence we define 




min(r;* (Te), (T^), n* (T^, T^)), 


where v^(Te) and v^(Td) are as defined by (3.7), and 


v^{Te,Td) := inf , uy^)\uk - v'A 

yfceN 


(4.14) 


Here n' = (fyi,..., nye), the first e components of Vj. The convention that we add a 
coefficient 1/2 in (3.7) but not in (4.14) is only to simplify some expressions. 

4. We write for the original Ca, and the e dimensional analogue. For the anisotropic 
case, we define 


C{e,d e) _ ^ oo] X (0, CX)] : ^ - J 

Similarly, if ai < 2, we have and 

Q[e,d-e) ^ oo] X (0, CX)] : ^ ^ 



d — e 1 'I 
2q ^ 2/' 


Lemma 3.6 can also be generalized. For example, if ai < 2, (^ 1 ,^ 2 ) £ C^a'^ {P 11 P 2 ) G 

Q{e,d-e)^ then we can choose {ouj} and {vj} so that A^-q^^q^ and B^-p^^p^ are as small as we 
like, and as large as we like (see Appendix A). We shall not give a description of all 
the needed facts, but just claim that, as before, it suffices to check that all the indices of 
A, B appearing in our proofs lie in their corresponding controllable class C. 


To construct solutions of the form (4.13), as discussed in Section 1.3, we consider the oper¬ 
ator $ in (1.8) with source term G + H, where 


G — f (Te + Pe + Td + p) — f (Te + Pe + Td) , 

H = f{T, + p, + Td) - f{T, + Pe)-Y. 
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For convenience, we further divide H into Hi + H 2 , where 


Hi = f(T, + Ve + Ti) - f(n + ife) - f(Ti), 


The Strichartz estimate asserts 

W^vWsit) < ||G + Hi + H 2 \\N(t), and ||V<f)r/||5(i) < ||VG + Vifi + (4.15) 

Estimates for H 2 (or VH 2 ) will be provided by Lemma 3.4. 

We now give our first main result. Notice that “e” here corresponds to the role of “d” in 
Section 3. 

Theorem 4.5. Let l<e<3, e<d<e + 3, and f satisfy Assumptions (F), (T)e, and (T)d. 
Suppose 2(4 — 4) < ai < Q !2 < 4/d. For fixed Q < pfio < 00 , there is a constant Aq > 0 such 
that the following holds: For Xq < X < 00 , there exist solutions of {I A) of the form {4 A3), with 

supe^* |||r7e(f)IU2,nL- + Ihllsw} < P- 

Remark. We need 02 < 4/d so that we can bound || by from Lemma 4.4. 

We need d < e + 3 in estimating || |Te + pe\\Td\^^ lUfi)- to = 0 if «2 < 4/d, or if 

p is sufficiently small. 

Remark. It’s most natural to view the eD-dD trains as solutions of (1.1) in with dD solitons 
being “points” and eD solitons lower dimensional objects. Nevertheless, as we have mentioned 
in the introduction, we can also freely regard them as living in an even higher dimension, so 
that both e, d have nonzero codimensions to the ambient space. 

Proof. We will only consider p = 2. The cases of other p can be treated similarly. 

First, from the assumption, if e = 2, 3, then d > 3, and hence ai < 2. Thus, for e = 1, 2, 3, 
if A is large enough. Corollary 3.11 implies the existence of an eD train + Pe satisfying 

\\Ve{t)\\LLnLp < Vf>fo- (4.16) 

x' x' 

It remains to prove that $ can be a contraction mapping on the closed unit ball of As 
before, we’ll only give estimates for $ to be a self-mapping. 

Suppose p e SxM with \\p\\sx,to ^ f’ lldlisfi) < fort > Iq. To estimate 
from the Strichartz estimate (4.15), we have to estimate ||G||Ar(t), ||idi|| 7 v(t) and ||id 2 ||Ar(t)- Since 
II ■ Wnp) < II ■ I 1 l 1 l 2 , we’ll frequently just estimate || ■ ||l 1 l 2 . Also repeatedly used is the fact 
\\v\\LlLi{t) < obtained from (4.2) (or Corollary 4.3). 

Part 1. Estimate of ||G|| 7 v(q* We have 

1 = 1,2 
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For the first term, we have 

\\\v\\Te + Ve + Tdl^^'WLjLlit) ^ Ih II || Tg + + Trf || “|o^oo (j) 

< + Ad.,oorX-^e-^\ (4.17) 

by (4.16). For the second term, since 02 < d/d (and hence ai < 4/d), Lemma 4.4 (NO) implies 

Illdr^+'IUw = |||dll^l“1lArw < (A-l+''“»/4e-““"‘°)e-"^ (4.18) 

Notice that for the endpoint case a* = 4/d, the smallness of the coefficient (obtained by letting 
A large) have to be provided by This is the reason we consider an initial time to > 0. 

By (4.17) and (4.18) we get the needed estimate of ||G||Ar(t). 

Part 2. Estimate of ||idi||Ar(t). By Corollary 2.5, 

l^ll < 5^(|Te + 77er“^'’“*^l^dr“^'’““^ + l^e + ^e||T,rO 

i=l,2 

= |Te + r/e||Trfr“('’“i)di, 


where 


II^i||l“l-w 


< 


E . min(l,Oi)-min(l:“l) ( A i „-Ato 

^d-,oo l^e;oo + 6 


i=l,2 


+ ^d;oo) 


max( 0 ,Q:i — 1 ) 


Thus it suffices to estimate |||? 7 e||^d|™“*'^’“^^||Ar(t) and |||Te|In the following 
we denote 7 = min(l, ai) to save notation. 

Part 2-1. F’j'dmate o/|||? 7 e|| 7 d|'^||Ar 7 ). Since = Ll,Ll„, 

Illdell^driUw < |||de||Tdri|LiL2^L2„7) 

< 11 de 11 L) 1,2 , L- (t) 11 I n I L- L^Ll„ (t) 

< 24];oo,2,A-'e-"^ (4.19) 

Now ( 00 , 27 ) G means ^ If 7 = ai, it’s true since d — e < 4. If 7 = 1, it’s true 

since ai < 4/d. 

Part 2-2. Estimate of || |Te| |Trf|'^||Ar(t). We first prove the exponential decay of its norm 
by interpolation. 

Step 1. For s G (0, 00 ] and 6 G [0,1], 


II l^el l^dTIUj < ll^ell^s/Sj^ooJI |rdn|£,'*/(l-0)£,s^^ ~ (4.20) 


X' X" 


We need s/d G and ( 7 s/(1 — d), 7 s) G that is 


(e,d—e) 


1 

- > 


ai 2(s/d) 


and — > 


+ 


d — e 


or equivalently 


s > max 


ai 2(7s/(l-d)) 27s’ 

edai (d — ed)ai 

2 ’ 2^ 
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We hope this ean be satisfied by some s < 2, by ehoosing a suitable 9. A little eomputation 
shows that the minimum of the “max” is aehieved by letting 


6 = min 

Precisely we have the following alternatives: 

2. If 0 = 1 < 


d 


e(l + 7 )’ 


(4.21) 


^,wegets> 


It’s straightforward to check that, for all (e, d, ai) satisfying our assumptions, the above lower 
bound of s is less than 2. (Here we use d — e < 4 again.) Thus, if 9 is given by (4.21), there 
exists 0 < Si < 2 such that (4.20) holds with s = si. 

Step 2. We have 


k j 

k j 

II ^ ^ I I I 


(since 7 < 1 ) 


k,j 

— ^ II I ^e-,k 11 ^d\j 

k,j 






(4.22) 


We also have 


1 7 


\Re-A\Rd,jV{'r) < 


-2L- 1/2 1/2 

— k j ’ 


where recall that u' = ..., VjA consists of the first e components of Vj. Note that for any 

Cl, C 2 > 0 and wi, W 2 G M"', 


6i|a: — tci| + h2\x — W2\> min(6i, h2){\x — tci| + |x — ^2!) > min(6i, 62)11^1 — W2\- 


Thus 


1 7 


\ReA\RdAA'r) < 

1 7 

^“1, ,“l amin(l,ai)i;,T 
— ^k ^ 


Taking this into (4.22), we get 


1 7 


ii|i;iKr(r)iii»<E<‘7‘e““ 




k,j 


(E<-)(E7‘)- 


amin(l,ai)ii*7 


(4.23) 
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The number can be eontrolled as Ad-p as deseribed in Lemma 3.6. For preeiseness, we 

ean fix any pi G Pp elose to dai/2 such that 


— > min(l,pi)('— 
tti V cti 



which implies 


Thus (4.23) gives 



< 



min(l,pi)(^ 


j 3 


— ) 
2pi ) 


.min(l,pi) 

d;pi 


From (4.20) (with 


|||Te||T,r(r)|U^o. < 

6 given by (4.21) and s = Si < 2) and (4.24), we get 

lll^e||T,r(r)|U2 < 


We omit the expression of E 2 , which is obvious while cumbersome. Suppose 

(1 — si/2)amin(l, ai)v^ > A, 


(4.24) 


(4.25) 


we get 




iiiTeiiT,riU(,) < iiiT,iiT,riuj^2(*) <e2a-v 


Part 3. Estimate of \\H 2 \\N{t)- Choose S 2 G ( 2 ( 0 ^+!) ’ check that the interval 

is nonempty). Then Lemma 3.4 (HO) implies 


iHoir) 


Ui ;s (E E -4: 


S 2/2 —a(l—S2/2)tJ*T 
00 J ^ ’ 


i=l ,2 


i=l ,2 


with (tti + l)s 2 G CP. Thus, suppose 


a(l — S2/2')v^ > A, 


(4.26) 


we get 


\H2\\N{t) < 


I if' 


2\\LlLl(t) 


< 


i=l ,2 


i + 1 

{ai+l)s2' 


S2 


i=l ,2 


+1 

00 


)l-. 2 / 2 ^-lg-At_ 


From the conclusions in Part 1, Part 2, and Part 3, we are done. □ 

Remark 4.6. Without using the anisotropic estimates for T^, our assertions will be much weaker. 
For example, consider (4.19) in Part 2-1. If we do not use an anisotropic estimate of Td, we can 
only estimate as follows: For any (g, r) G Al 


|||r/e||T.r||^(,)<|||77e||T.r 

< H 




Ll L^it) 


m 


~ ^Pr'Wde 


LT(ty 
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Now for 7 r' G C^\ we need 



(4.27) 


If d > 4, we have 7 = min(l, ai) = ai (since < d/d), and (4.27) is impossible. Thus only 
d < 3 is allowed. Moreover, even for d < 3, if 7 = 1, the endpoint case ai = 02 = 4/d is 
excluded. 

When 1 < Q!i < 2, Theorem 3.9 implies the existence of an ID train Ti + rji such that 
II 71 WII has exponential decay. This allows us to use the gradient estimate when e = 1. 
Precisely, we can try to construct a mixed train of the form Ti + 71 + + 7 (d > 1), by 

assuming the exponential decay of ||V 7 || 5 ( 4 ) (besides || 7 ||s(i)). It turns out that we can do it 
only for d = 2, and under a further restriction on ai. The result is not only of its own interest, 
but also makes it possible to reali z e the 1D-2D-3D trains in the next section. 

Theorem 4.7. Let e = 1, d = 2, and f satisfy Assumptions (F), (T)i, and (T) 2 . Suppose 
moreover 1 < Oi < 4/3. Then for any finite p > 0, there is a constant Aq > 0 such that the 
following holds: For Aq < A < cx), there exist solutions of (1.1) of the form (4.13) (namely 
Ti + Tji + T 2 + p) such that 



Remark. We need ai < 4/3 and d = 2 to bound || (Ti + pi)'VT 2 \\N{t)- Note f > to = 0 even for 
large p. 

Proof We will assume p = 2 for simplicity. For A no less than some positive number. Theorem 
3.9 implies the existence of an ID train Ti + pi satisfying 


< yt > 0. 



In the following, we denote S\fl (i.e. the initial time to = 0) by S\, and let X be the Banach 
space of all p : [0, cxd) x —)■ C such that 


IldIU := IldllsA + IIVpIUa < oo- 


WeTl give estimates for $ to be a self-mapping on the closed unit ball of X. 

Suppose p G X with ||p||x < 1- The estimate of ||<I)p|| 5 ^ is the same as in the proof of 
Theorem 4.5, except for || |p|“^’'’^||Ar(t)- Since the value of 0^2 is not restricted, we use Lemma 
4.4 (Nl) instead of (NO) to obtain 




for some p = p(d = 2, 0 ^ 2 ) > 0. (For || |p|“^’'’^||Ar(p, both (NO) and (Nl) work.) We remark that 
here and later we use p as a generic constant, whose value may be different in different places. 

Now we estimate || V<I>p|| 5 (t). From (4.15), we have to estimate llVGUivp), || VidiHArp), and 

II Vid2||Ar(t). 
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Part 1. Estimate of || VGIIjv^. Let W = Ti +771 +T 2 , then G = f(W + rj) - f(W). Sinee 
tti > 1, (2.4) implies 

|VG| < ^{W(|IV| + |.,|r-‘|viv| + (\w\ + Mriv,!}. 

i=l,2 

Thus we have to estimate theiV(t) norm of(l) |iy V1L|, (2) | 77 |"*|V 1 L|, (3) |iy|“*|V 77 |, 
and (4) | 77 |“*|V? 7 |. We diseuss them in the following. 

Estimate (1). We have 

^ (^l;oo + 1 + ^2;oo)°'* ^(.Bl;oo + 1 + .B2;oo)A ^6 

Estimate (2). By Lemma 4.4 (Nl), 

^ {Bi-oo + 1 + B2-oo)^ “*'*'*, 


for some /r > 0. 
Estimate (3). 




mr\wr^\\\LiLm< 

Estimate (4). Also by Lemma 4.4 (Nl) (with u = | Vr/I and v = r] there), we get 

lll>r'|V>)lllA'(.)<A-''e-(“‘+‘>^‘, 


for some /i > 0. 

Part 2. Estimate of || Vi?i||Ar(i). Let w = Ti + rji. Sinee ai > 1, (2.5) implies 


Vffil = |V|/(to + Tj) - f{w) - /(T,)]! 

< y^(k| + |r2|)”--'(H|VT2| + ir^iiVu,!). 


Sinee 

II (1^1 + |T 2 |)““ ^||L^Lg°(7) ^ (^l;oo + 1 + ^2 ;oo)“‘ (4.28) 

it suffiees to estimate (1) |? 7 i||VT 2 I, (2) IT 2 I|V? 7 i|, (3) |Ti||VT 2 |, and (4) |T 2 ||VTi|. We diseuss 
them in the following. 

Estimate (1). 


|||?ll||Vr 2 |||il^ 2 (t) < |hl||LlL2^L-Jt)l|VT2||Loo^oci2Ji) 

^ B2-,oo,2^ 

We need ( 00 , 2) e i.e. ^ ^ ~ ^ This is true by ai < 4/3. 

Notiee that if we do not use an anisotropie estimate for VT 2 , the requirement beeomes 
ai < 1, and the eonstruetion fails sinee we assume ai > 1. Moreover, it is also due to this 
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part that the construction is valid only for d = 2. Indeed, suppose d > 3, with coordinates 
X = (xi, x”). If for some admissible (a', b'). 




where l/p=l/6—1/2 and (p, b) G It follows 


1 1 1 

«! 2 2p 


^>i + 0 + i>l, 


contradicting 1 < ai. 
Estimate (2). 


\\\T2\\'^Vl\\\LjLl{t) < ll^alU-L-Li^wllVpilliiil^Looji) 
^2,00,2' 


S. 2 A 


where ( 00 ,2) e 

Estimate (3). We will prove the exponential decay of ||Ti VT 2 ||i 2 by interpolation. First, for 
s G (0, 00 ] and 9 G [0,1], 


|||^i||VT2|||is < \\Ti\\^sjej^^\\VT2\\j^sj{i-e)^^^ ^ ^i-,s/eB2-s/{i-e),s- 


yS/yL-U) yg 

^xi ^X2 


(4.29) 


We need s/9 G and (s/(l — 9), s) G that is 


(1,1) 


ai 2[s/9) 


> 0, and - 


1 1 
- 7^ > F. 


or equivalently 


s > max 


ai 2s/(l-0) 2s' 2 

9ai (2 — 9)ai \ 


2 ’ 2 -ai J 

The “max” is minimized by letting 9 = 1, which gives s > 2 Z^- Since ai <4/3, the lower 
bound is less than 2. Thus (4.29) implies 

Ills'll I VT2 |||j;^J 1 < 24i;sii?2;oo,si (4.30) 

for some Si < 2. Then consider the supremum estimate. 

ll|ri||vr2|(T)||i» < 11(5^ \Rv.k\)(.Y, Vfi2;y|)(r)||l» 

k j 

k,j 


We have 


< crpoj'^ (^y.^g-o-p^\xi-UkT\-aujy^\xi-Vj^iT\ 


<aPup{vye-^^*\ 
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Thus 


ll|Ti||vr 2 |(r)|h 


k,j 


_^a;f(wj))e- 

k j 

—av*T 


= (E<‘)E‘ 

k 

-^ 1 ;cxd-® 2 ;oo^ 

From (4.30) and (4.31), we get 

Suppose 


(4.31) 


a(l — si/2)t>* > A, 


(4.32) 


then we get 


Estimate (4). The strategy is the same. For s > 0 and 6 G [0,1], 

|||7'2||VTi|||ij < IIT 2 II «/(i-e) llVTill «/e < A2-s/{i-e),sBi-s/e- 

^xi ^X2 \ / / 


For (s/(l — 0), s) e and s/0 ^ we need 


( 1 ) 


s > max 


(2 — 0)ai 9ai 


2 — «! 


The “max” is minimized by letting 9 = whieh gives s > where the lower bound 


2ai 


4—Oil 


4—ai ' 


is less than 2. Hence 

IP^lIVTilll ~ ^2;S2(4—ai)/ai,S2-®l;S2(4—oi)/(4—2oi) 

for some S 2 < 2. Next, 

ll|r2l|VT,|(T)||i» < |||fi2d|Vfii*|(r)||i» 

k,j 

a/ 

kj 

< A n ^-aV:^T 

By interpolation we get 

ll|r2l|vri|(r)|Uj < 

Suppose 

a(l - S2/2)v, > A, (4.33) 
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then we get 


ll|r2||vr2|||„,o < 

Part 3. Estimate of || V-fr 2 ||iv(i)* Choose 2 > S 3 > By Lemma 3.4 (HI), we get 


|V-ff 2 (r)|U| < (^ 


1—S3/2 —amin(ai,l)(l—S3/2)i2tr 


i=l,2 


i=l,2 


where p, q are arbitrary numbers in (0, cxd] satisfying g + p = Since 

1 1 1 _ / 1 In 

^ ^ 2 “ ^ ^ t ~ 2 ^’ 

we can choose p, q such that - < 1 and - < Thus aiq G and p e Suppose 


amin(ai, 1)(1 — 53/2)1;* > A, 


(4.34) 


then we get 


|vh 2 ||»«) < (53 

i=l,2 i=l,2 




Combining all three parts, we get 

l|V4»)||s(„ < ||VG|U,o + l|V//,||„(„ + ||Vi/ 2 ||„|„ < 

for some p > 0. 


□ 


4.3 Construction of 1D-2D-3D trains 

In this subsection, as our last main result, we construct 1D-2D-3D trains of the form 


M = Ti + ?7i + T 2 + 772 + T 3 + 77 , (4.35) 

where Ti = Ti(f, xi), T2 = T2(f, Xi, X2), and T3 = T3{t,x) (x = {xi,X2,X3)) are ID, 2D, 
and 3D soliton train profiles respectively, with initial positions of all the solitons being the 
origin, rp = pi{t,xi) and p 2 = ^ 2 (Ca;i,a; 2 ) is such that Ti + rp + T 2 + 772 is an 1D-2D 
mixed train (the fact that Ti + 771 is itself an ID train will not be explicitly needed later), and 
77 = p{t, x) is the remaining error to be found. To be precise, let Ti = J2k where Ri-k have 
frequencies ai-k and velocities {ui-k, 0 , 0 ); T2 = i?2;fe, where i?2;fc have frequencies a2-k and 

velocities (M2;fc,i, M2;fe,2, 0); and T3 = where R^.j has frequencies Uj and velocities 

(vj^i, Vj^2, And we define 


u* = min (u* (Ti), u* (T2), u* (Ts), u* (Ti, T2), u* (Ti, T3), u* (r2, T3)), 


where the numbers in the min are defined by (3.7) and (4.14). 


(4.36) 
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(4.35) can be visualized as a plane-line-point soliton train in 3D space. It turns out to be the 
only mixed trains involving more than two dimensions that we can construct. To see this, we 
first give a discussion on the control of lower dimensional errors. 

As we stressed, supremum controls in x for lower dimensional objects are necessary in 
constructing mixed trains. For the previous theorems on eD-dD trains, we use controls of the 
form 

IheWIU- <e-^* (4.37) 

established in Section 3. In fact, it is also possible to use space-time controls of the form 

llde||L|’LJ°(i) ^ (4.38) 

for suitable p. In ID space, since (4, cx)) G we can obtain Wt^iW control by construct¬ 

ing Ti -I- rji such that ||?7i||s(t) has exponential decay in t. For e = 2, 3, since r^L > e (recall 
(4.1)), (4.38) can be obtained from the exponential decay of ||V? 7 e|l 5 (t) and some ||? 7 e||L?L 2 p) 
(e.g. (1.10)) by Gagliardo-Nirenberg’s inequality. For e > 4, (4.38) is not available (unless 
controls of even higher order derivatives of r/e are considered, which we did not pursue). 

There is actually no definite reason we followed a route of using (4.37) but not (4.38) in 
constructing eD-dD trains. As to mixed trains involving more than two dimensions, all the 
lower dimensional errors have to have spatial supremum controls. As a consequence, thanks to 
Theorem 4.7, one sees that (4.35) becomes the only possible case, where we have type (4.37) 
control of pi and type (4.38) control of p 2 - The details will be given in the proof of Theorem 
4.8. 

Since Ti + rji + T 2 + r /2 is assumed to be a solution, the source term of $ with respect to 
(4.35) becomes 


/(Ti -f ?7l -f T2 -f P2 + T3 -h p) - /(Ti -f Pi -f T2 -f 772) - ^ /(^ 3 ;i)- 

3 

We will write lizs, G + Hi + H 2 , where 

G = f(Ti + r]i+T 2 +r ]2 + T^ +rf) - /(Ti -f pi -f T2 -f p2 + ^3), 

7di = /(Ti+pi+T2 + p2 + T3)-/(Ti+pi + r2 + p2)-/(r3), 

3 

Our main theorem is the following. 

Theorem 4.8. Let d = 3, and f satisfy Assumptions (F), (T)i, (T) 2 , and (T)^. Suppose 1 < 
<4/3 and ai < 02 < 4/3. For any finite p, to > 0, there is a constant Aq > 0 such that the 
following holds: For < \ < 00 , there exist solutions 0 / (1.1) of the form (4.35), such that 

supe^* |||pi(f)||^i^n^i,- + \\V 2 \\s{t) + ||Vp 2 ||s(q + \\v\\s{t)] < P- (4.39) 

Remark. We can take to = 0 if 0^2 < 4/3, or if p is sufficiently small. The highest dimension 
cannot be larger than 3 in order to estimate terms of the form IIIPi +P 2 |^|T 3 |^|| 7 v(P fory = 1 
and tti (/3 > 0 is irrelevant). 


40 


Proof. For A no less than some positive number, Theorem 4.7 implies the existenee of an 1D-2D 
train Ti + 771 + T 2 + 772 sueh that 


Wrnm 




—Xt 


(4.40) 


and 


Ih2||5(t) + ||V7/2||s(t) < e (4.41) 

WeTl not exploit gradient estimates in this proof, and henee we don’t need the eontrol of Vt^i. 
The eontrol for V 772 is needed merely to induce a type (4.38) control of 772 , as we show now. 
Denote x' = {xi,X 2 ). From (4.41), we have II 772 ||L-L 2 ,(t) < e and || V772||l4l4^ < e By 
the Gagliardo-Nirenberg’s inequality (cf. (3.31)), for 0 < p < cxo. 


lh2||L?L- < \\V2\\l2\\^V2\\l^ 


12/3 


< 


\\V 2 \\%] 

x' 

11/3 


l|Vr/ 2 || 

12/3 


2/3 


if 




< 


(4.42) 


Letting p = 6 , we get 

I|i72||i,6l-( 7) e 

Suppose p G S'A,to 2 II7IISa to — We will derive the suitable estimates of IIG|| 7 v( 7 ), H-ffilUp) 

and ||i 72 ||Af( 7 ) for ||*hp|| 5 ^^^ < 1 in the following. 

Part 1. Estimate of ||G||Arp). By (2.1), 

|G| < E +’' 1 +, 

7 = 1,2 

For the first term, by (4.40), 

|||i/||ri + Pi + T 2 + TsI"*11^1^2(4) < ||p||l1L2(7)II^1 +V 1 +T 2 + 

(^l;oo + e '^*° + ^2;oo + ^3;oo)°''A ^6 

For the second, by (4.42), we have 


'2rilLiL2(t) < ||P||^6/(6-Q,i) 




< ("y-Ce-ctd/eg-aiAto^g-At^ 

For the third, since 02 < 4/3, Lemma 4.4 (NO) implies 


(If 02 = 4/3, for 7 = 2 the smallness of the coefficient by letting A large relies on the assumption 

to > 0 .) 

Part 2. Estimate of ||i7i||Ar(t). Let W = Ti + pi + T 2 + p 2 . By Corollary 2.5, 
m = \f(w + T 3 ) - f(W) - /(T,)! < E (IWT'lral + HVIITsI"'). 

7 = 1,2 
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Thus we have to estimate (1) (2) \r] 2 \^\T 3 \'^, (3) |Ti|^|T 3 |'^, and (4) iTsl^lTsI"^, for 

(/9, 7 ) = (aj, 1) and (1, ai). Notiee that by assumption both /9 ,7 > 1 in any ease. 

Estimate (1). 


iii>)irirsriu.ii(.) < iihiriim-Mirsnii-ii,,, 

where 27 G sinee 7 > 1 and ai < 4/3. (Notiee that, for 7 = 1 and ai, 27 ^ if d > 4. 
This is why we can only consider 3 as the highest dimension.) By (4.40), 


0 


< / dr = 


Hence 


Estimate (2). As above we get 

Letti(T) = ||i; 2 (’')lli~. (4.42) says ||ti||i«([t,oo)) Since/? < 6 , Proposition 4.1 implies 

ll^2|lifioo(t) = ||M|U/3([t,oo)) < 

Thus 


—Xt 


Estimate (3). Since 

|Ti|“»|T3| + |T3||T3|“* < |Ti||T3|(|Ti| + |T3|)“*-' 


and 


||(|Ti| + |r3|)"‘ |U7>I,“(i) < (44 i;oo + ^3;oo)"‘ , 


it suffices to estimate |||Ti||T 3 ||| 7 v(i). 

Step L For s e (0, cx)] and 9 G [0,1], with x" = {x2, X3), 

|||7'i||T3|||ls < \\Ti\\^^llTsW^sj(i-g)__ ^ M-,s/eM-,s/{i-e), 


T ) T S 


(4.43) 


Here A 3 . 5 /(i_ 5))_5 is with respect to (e,(i) = (1,3). We need sjB G and (s/(l — 9)^s) G 


that is 


/ 9oi\ (3 — 6 )ai \ 

V“’ 2 )■ 


s > max 

The “max” is minimized by letting 6 = 1, which gives s > cxi. Since q;i < 2, (4.43) gives 

mmihn < a3.,s,a3.,oo,s, (4.44) 


for some si < 2, with si G and (cx), si) G C^a^\ 
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Step 2. Following the derivation of (4.24), we get 


|||ri||r3|(r)|Uoo < < 2li;oc4l3;oce-“"-". 

k,j 

From (4.44) and (4.45), we get 

iiirir 3 i(T)iu. < 


Suppose 


(4.45) 


a(l — si/2)r;* > A, 


(4.46) 


we get 

llir.iirjiiu,,, < 

Estimate (4). As above, it suffiees to estimate || IT 2 IIT 3 I||jv(t)- Let x' = {xi,X 2 ). For s G 
(0, 00 ] and 9 G [0,1], 


|||L'2||T3|||ls < ||^2||^ve^oo ||L3 ||^»/(i-0)^,_ M-,s/eM-,s/{i-e), 


K, Lg 


Here A 3 .s/(i_( 9 )^s is with respeet to (e, d) = (2, 3). For s/9 E and (s /{1 — 9),s) G 
we need 

s > max I ai9, (- — 9)ai ) . 


(4.47) 


42,1) 


The “max” is minimized by letting 9 = 3/4, whieh gives s > The lower bound is less than 
2. Thus there is S 2 < 2 such that 

III^2||L'3|||^«2 < A2;4s2/3^3;4s2,S2) 

with 4 S 2/3 G and (4s2, S 2 ) G C^a^\ 

By (4.24), we have 

|||r2||T3|(r)|Uo. < A2;ooAl3;oce-“"‘L 

By interpolation we get the L^. estimate. And if a(l — S2/2)v^ > A, we get 

ll|r2||T3||U„| < 

Part 3. Estimate of ||i 72 ||Af(t)* Choose 2 > S 3 > 2 (^+ 1 ) ■ Lemma 3.4 (HO), 


l|// 2 (r)|U| < (j; -IS') 

i=l,2 i=l,2 

/O'! 

with («! + l)s 3 G Ca- Suppose a(l — 53 / 2 ) 4 ;* > A, we get 


I-S3/2 -a(l-S3/2)-!;tr 


l^2||LiL2(t) < 4 I 3 ) 

i=l,2 


i + 1 '^ 53 / 2 ^^^ + 1 — 83 / 2 ^ —1 


(ai+l)s3^ 




2 = 1,2 
.—At 


Combining all three parts, we see || <hr/|| 5 ( 4 ) < e for A large enough with suitable frequen¬ 
cies and velocities of the solitons. 

□ 
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Appendix A 

We prove Lemma 3.6 in this appendix. We will eonsider slightly more general forms of the 
assertions, so that they aetually eover the anisotropie eases used in Seetion 4. 

For pi,p 2 e (0, oo), sequenee in (0, ce*), and sequenee {vjjj^fq in define 

3 

3 

Proposition. Given 0 < pi < gi < oo and 0 < p 2 < 5'2 < C) 0 . We have 

A ^ / «Q'2 P2 A j-f A rv~i 

^Q'l,q'2 ^ ^Pl,P2 5 V ^gi,92 ^ ^^5 

R < if B < cx) 

Remark. By lettingpi = min(l,p), P 2 = Qi = min(l, g), g 2 = ^ ~ notiee that 

< max(1,0;*)'^^“^^ < max(l, < max(l, 0;*)^/“^, 


we get Lemma 3.6 (a). 
Proof. We have 


i/pi 


'4,..®= (sincepi/,, <1) 

3 3 

= cef ("i^ee U3j/u3, < 1) 


= u?-P^A. 


Pl ,P2 • 


Similarly, 


<J2- 


□ 


Let w* be as defined by (3.7). Lemma 3.6 (b) is a eorollary of the following 

Proposition. Given 0 < Pi,qi,q 2 < 00 and 1/2 < p 2 < 00 . For any constants c, A > 0, there 
exist {uj} and {vj} such that i?pi,p 2 — ^ and f* > A. 

Proof. For eonstants 0 < p < 1, 7 > 0, and 5 > 0, let U3j = U3^p^f and Vj satisfies 

l^il = 7(5^P"0 + <5. 

t=2 
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(The empty summation Yld =2 understood to be zero.) Then for j < k we have 


mm 


- Vk\ > - \vj\) = • 7 ( 5 ^ P 0 - 

i=j+\ 


Sinee P 0 > 1 (Vp e (0,1)), u* > A as long as 

7 > 2a;;'/2A. 

To eomplete the proof, it suffiees to show that Bpi,p 2 —)■ 0 as p —)■ 0. For Aq^^q^, we have 

lim A^P = cef lim p^iW 2 j ^ g_ 

j 

On the other hand, sinee (vj) < \vj \ + i = 7(EL2P-0 + (5 + i), 


where 


s Y1 b”' (E + ('5 + !)"■' 

j £=2 

= 7"^a;r^/(p) + (5 + irI^;,,„ 


I^P1P2 p‘2piP2j 


i(p) = = E(E 


li . p-pij^‘^piP2j 


j 1=2 
j 


j e =2 


E(E pj-^yip2pi(p2-i/2)j ^ E(E p^)Plp2pi(p2-l/2)i 


j 1=2 


j 1=0 


= {l-p)-P^. 


P 


,2pi{p2-l/2) 


I — p2pi(p2-l/2) 


—0 as p —^ 0. 


□ 


Appendix B 


Let X = (x', x") be as in Section 4.2. One would wonder if the norm can be bounded by 

the LP n L| norm. This is in general not the case. Consider a function m : — )■ M of the form 

u{x,y) = lo<x<i|a;rX|a;|“p), 

where m, a are real parameters, ip e C'“(M). Then for p, q G (0, oo) we have 

\Ms, = MM [' Ixr'"'-''"’ 

Jo 

ii<‘iLi, = iiv-iiL.(/‘iir’'”-‘'” *)'■'’ 

Jo 

Jo 
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Suppose p > q. Then if 0 < m < 1/g, there exists a > 0 such that 


ap{m 



—1 < min(ap(m 


aqim 

P 


1 

<1 


)), 


which implies u G fl L^y but = cx). 
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